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Anomaly-induced charges in nucleons
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We show a novel charge structure of baryons in electromagnetic field due to the chiral anomaly.
A key connection is to treat baryons as solitons of mesons. We use Skyrmions to calculate the
charge distributions in a single nucleon and find an additional charge. We also perform calculations
of charge distribution for classical multi-baryons with B = 2, 3, · · · , 8 and 17; they show amusing
charge distributions.
Recent advance in observations and experiments ex-
plores new effects of strong electromagnetic fields on fun-
damental particles. Since matter consists of baryons,
electromagnetic properties of protons and neutrons are
of most importance. Under the strong magnetic fields
such as in neutron stars, supernovae and heavy ion colli-
sions, tiny quantum effect of quantum chromo-dynamics
may lead to an unveiled and significant consequence.
In this letter, we investigate baryons under external
electromagnetic fields. For describing the baryons, we use
the Skyrme model [1] with Wess-Zumino-Witten (WZW)
term [2, 3] including electromagnetism. The consequence
is amazing: Nucleons in the external electromagnetic
fields have anomalous charge distribution due to the chi-
ral anomaly. Nonzero net charge, which is generally
non-integer, is induced even for neutrons. Correspond-
ingly, we will show that the Gell-Mann-Nishijima for-
mula, Q = I3 + NB/2 (Q: electric charge, I3: the third
component of isospin, NB: baryon number), has an ad-
ditional term due to the quantum anomaly.
Figure 1 shows a schematic description of the phe-
nomenon. Due to the anomalous interaction with a quark
loop through the WZW term, nucleons (= Skyrmions)
have an additional interaction to the electromagnetic
field Aµ. Under the external electromagnetic fields,
the anomalous coupling induces the additional electric
charge.
The phenomenon is not counter-intuitive. For exam-
ple, in the Witten effect [4, 5], monopoles carry an elec-
tric charge under a nontrivial axion field configuration
θ(~x, t) via an anomalous CP-odd term, θF˜µνFµν . The
chiral magnetic effect (CME) [6–9] is also a similar effect
in heavy-ion collisions.
Meson effective action, Skyrmions and anomaly. — We
adopt the Skyrme model for a concrete illustration in
this letter. The essential idea of the Skyrme model is
to unify baryons and mesons: baryons are described as
topological solitons of mesons. This model, known to
reproduce experimental data of nucleons within 30% ac-
curacy, is suitable for our purpose. This is because we
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FIG. 1: A schematic figure for electric charge generation of a
nucleon. In electromagnetic backgrounds, i.e., Fµν 6= 0, the
quark-loop diagram generates an additional coupling to the
gauge fields Aµ.
concentrate on the anomalous contribution to baryons,
which is described by the coupling between mesons and
photons shown in Fig. 1. Any baryons wearing mesonic
clouds will follow our mechanism of anomalous charge
generation.
The action of two-flavor Skyrme model [1, 10, 11] cou-
pled with electromagnetic field is
S =
∫
d4x
(
Lkin + Lmass −
1
4
FµνF
µν
)
, (1)
Lkin = −
F 2pi
16
tr(RˆµRˆ
µ) +
1
32e2s
tr([Rˆµ, Rˆν ][Rˆ
µ, Rˆν ]),
Lmass =
F 2pi
16
m2pitr(U + U
† − 2), Rˆµ = DµUU
†,
where mpi and Fpi are the pion mass and the pion de-
cay constant, respectively. es is a dimensionless constant
and DµU ≡ ∂µU + ieAµ[q, U ] with q ≡ diag(2/3,−1/3).
The pseudo-scalar field U is an SU(2) matrix which
transforms as U → GLUG
†
R with GL ∈ SU(2)L and
GR ∈ SU(2)R. In the following, we use dimensionless
variables: r → r/(esFpi) and mpi → (esFpi)mpi . In the
Skyrme model, a general hedgehog-type ansatz in the
absence of the electromagnetic background is written as
U = GU0G
† = G exp(if(r)xˆ · τ )G†, (2)
G = a0 + ia · τ ∈ SU(2)L+R, (a
2
0 + a
2 = 1), (3)
where xˆ ≡ x/|x|, τ are Pauli matrices, and (a0,a) are
moduli parameters spanning SU(2)L+R ≃ S
3. We treat
electromagnetic effects as a perturbation in terms of e.
2The equation of motion gives(
r2
4
+ 2 sin2 f
)
f ′′ +
r
2
f ′ + sin(2f)
(
f
′2 −
1
4
−
sin2 f
r2
)
−
m2pir
2
4
sin f = 0.
Solving this under the boundary conditions, f(0) = π
and f(r → ∞) = 0, one obtains a solution with baryon
number B = 1. The solution is a topological soliton,
called Skyrmion.
We focus on the coupling between mesons and photons
in the WZW term. In the two-flavor case, this can be
given by [2, 3, 12]
SWZW[Aµ] = −
∫
d4x Aµ
(
eNc
6
jµB +
1
2
jµanm
)
, (4)
jµB =
1
24π2
ǫµνρσtr[RνRρRσ], (5)
jµanm = −
ie2Nc
96π2
ǫµνρσFνρtr[τ3(Lσ +Rσ)], (6)
where jµB is a baryon current giving an integer baryon
number, Lµ = U
†∂µU , Rµ = ∂µUU
†, and ǫ0123 = −1 in
this letter.
In the presence of background electromagnetic fields,
not only the first term but also the second term in Eq. (4)
is important. The electric chargeQ with the contribution
from anomaly (Nc = 3) is written as
Q = I3 +
NB
2
+
Qanm
2
, (7)
where NB =
∫
d3xj0B and Qanm =
∫
d3xj0anm. Thus, the
Gell-Mann-Nishijima formula is corrected under back-
ground electromagnetic fields. Substituting Eq. (2) into
Eq. (6), we obtain
jµanm =
ie2Nc
96π2
ǫµνρσFνρPσ, (8)
Pµ =4i
[
(∂µf)xˆ
rot
3 +
sin(2f)
2
∂µ(xˆ
rot
3 )
]
, (9)
xˆrot3 =(a
2
0 + a
2
3 − a
2
1 − a
2
2)xˆ3
+ 2(a1a3 + a0a2)xˆ1 + 2(a2a3 − a0a1)xˆ2. (10)
This is a classical anomalous current for the general
hedgehog solutions.
Induced charges from quantized Skyrmion. — To obtain
physical values of the anomalous charge depending on
the baryon states, we need to quantize the Skyrmion. By
solving a quantum mechanics of the S3 moduli parame-
ters on the Skyrmion, quantum states of a nucleon with
spin quantized along x3 are given by ψp↑ = (a1+ ia2)/π,
etc.[10]. We evaluate matrix elements of the anomalous
current [17],
〈jµanm〉I3,S3 ≡
∫
dΩ3ψ
∗
I3,S3
jµanm(a0,a) ψI3,S3 , (11)
(a) (b) (c)
FIG. 2: The constant-height surfaces of (a) density distri-
bution of baryon number, (b) electric charge under magnetic
field along the 3rd-axis, and (c) electric charge under mag-
netic field along the 1st-axis. We used f(r) for mpi = 0. In
(b) and (c), colors stand for positive and negative charge dis-
tributions.
where
∫
dΩ3 denotes the integration over the S
3, and
ψI3,S3 is the baryon states labeled by the third compo-
nents of isospin and spin. The matrix elements are cal-
culated as
〈jµanm〉I3,S3 =
ie2Nc
96π2
ǫµνρσFνρ〈Pσ〉I3,S3 ,
〈P0〉I3,S3 = 0,
〈Pa〉
a=1,2
I3,S3
=−
16i
3
I3S3
(
f ′ −
sin(2f)
2r
)
xˆaxˆ3,
〈P3〉I3,S3 =−
16i
3
I3S3
[(
f ′ −
sin(2f)
2r
)
xˆ23 +
sin(2f)
2r
]
.
In the following, we concentrate on the case with
magnetic-field backgrounds Bi. The anomalous charge
density is indeed induced in nucleons:
〈j0anm〉I3,S3 =
ie2Nc
48π2
Bi〈Pi〉I3,S3 . (12)
Figure 2 shows the baryon number distribution, and the
anomalous charge distribution under magnetic field along
the 3rd- and the 1st-axes of quantized Skyrmions at
mpi = 0. The configurations of the charge distribution
look like wave functions of an electron in a hydrogen
atom.
In contrast, we find that the matrix element of the
spatial component of the current density vanishes,
〈jianm〉I3,S3 = 0. (13)
Thus, the electric current is not induced [13].
Let us calculate the total electric charge from the
anomalous effect of 〈Pi〉I3,S3 over the whole space gives
∫
d3x〈Pi〉I3,S3 =
{
0 (i = 1, 2),
−
16πi
9
(4I3S3)c0 (i = 3),
where c0 =
∫
dr{r2f ′ + sin(2f)}. Its numerical value is
c0 = (−5.32,−12.3,−10.2,−7.32) for pion masses mpi =
(0,mphyspi /2,m
phys
pi , 2m
phys
pi ), respectively (m
phys
pi ≡ 0.263
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FIG. 3: The corresponding plots of Fig. 2 for classical Skyrmions with baryon number B = 2, 3, · · · , 8, 17 at mpi = 0.
is the physical value of the pion mass in the unit of eFpi,
determined from the mass splitting between nucleon and
∆ [10]). We obtain the anomalous charge for nucleons
Qanm =
4e2Nc
27π
I3S3
c0B3
(esFpi)2
. (14)
Equation (14) shows that an electric charge is actu-
ally induced by the anomalous effect even for a neu-
tron. We further find that dipole moment vanishes while
quadrupole moment appears as a leading multipole [13].
No cancellation of the induced charge. — A large Nc
argument helps us to show that this anomaly-induced
charge (14) cannot be cancelled by possible other electro-
magnetic corrections to the Skyrmion, as they are sub-
leading in the 1/Nc expansion. In the Skyrme model
(1) itself, there are two possible electromagnetic correc-
tions: (i) deformation of the Skyrmion configuration due
to the magnetic field, and (ii) deformation of the Skyrme
wave function via an induced potential in the quantum
mechanics of the moduli fields ai.
First, we treat (i). Since the Skyrme equations of mo-
tion is written by the normalized coordinate r/(esFpi) and
esFpi = O(N
0
c ), the classical deformation of the Skyrmion
field U should be O(eBN0c ). So the effect of this classical
deformation to the Gell-Mann-Nishijima formula is
eI3 → e(I3 +O(eBN
0
c )), (15)
which is smaller than the anomaly-induced charge (14)
Qanm = O(e
2BN1c ) in the order of Nc. Second, from the
action (1), the induced potential in (ii) is the same or-
der in Nc as the kinetic term of the quantum mechanics.
After including the correction, the Nc order of the expec-
tation value of I3 remains intact, and then again Eq. (15)
follows.
We conclude that at large Nc the anomaly-induced
charge is at the leading order among the magnetic ef-
fects. It is expected that even for finite Nc an eventual
cancellation does not occur.
Anomalous charges of multi-baryons (nucleus). —
We here calculate charge distributions of the classical
4Skyrmions with B = 2, 3, · · · 8, 17 under magnetic fields.
We consider classical Skyrmions because quantization of
those with higher baryon number is generally difficult due
to the complexity of their moduli space [18].
To obtain the Skyrme solutions with higher baryon
number B ≥ 2, we use the standard rational-map ansatz
[14]. The obtained solutions fB are substituted to the
expression for classical charge distribution,
j0anm =
ie2Nc
96π2
ǫµνρσFνρPσ[fB], (16)
where Pσ[fB] is same as Pσ in Eq. (8) except that it
consists of fB instead of f .
Figure 3 is the baryon number distribution, the charge
distribution under magnetic field along the 3rd- and the
1st-axes, for baryon numbers B = 2, 3, · · · , 8, 17. They
show very amusing structures. The charge distribution
of B = 2 is like that of B = 1, even with a difference
in the density distribution of the baryon number. The
charge distributions become more intricate as the baryon
number B increases. The baryon number density of B =
17 has a structure of a fullerene C60, and the charge
distribution of (b) looks like a sea anemone and that of (c)
looks like a pumpkin. It would be intriguing to see how
these classical results are inherited to observable charge
distributions once the multi-Skyrmions are quantized.
Observation. — Let us argue possibilities to observe the
anomalous charge. First, we estimate the amount of in-
duced charge in a nucleon. Using Eq. (14), we obtain
Qanm ∼ e × 10
−20I3S3[G
−1] × B3[G]. Under the terres-
trial magnetic field B ∼ 1[G], the induced charge Qanm is
about 10−20e, which would be too small to observe. On
the surface of a magnetar, which is a neutron star with
very strong magnetic field of order 1015[G] [15], Qanm is
about 10−5e. In heavy ion collisions, magnetic field of or-
der 1017[G] would be created [6]. However, Qanm is about
10−3e even for such an extremely strong magnetic field.
Hence, it is natural that the electric charge of neutrons
has never been detected until now.
Next, electric dipole moment (EDM) of nucleons is not
induced from the anomaly. This is consistent with the
experimental results that there is no evidence for the ex-
istence of neutron EDM (see, e.g., [16]), which is per-
formed under a magnetic field. In our study, the leading
multipole is a quadrupole, Q33 = −2Q11 = −2Q22 ∼
e × 10−19I3S3[fm
2G−1] × B3[G]. Its experimental mea-
surement would be interesting.
To see the universality of the generation of the anoma-
lous charge, confirmation in other approaches is desir-
able. For instance, lattice QCD simulation with external
electromagnetic fields is a reliable approach. Holographic
QCD is also helpful for gaining insights.
We have found that a neutron has a nonzero electric
charge in external magnetic fields. Neutrons play an im-
portant role on the frontiers of hadron physics, such as
neutron stars and heavy-ion collisions, where strong mag-
netic fields exist. Such neutrons would have anomalous
charges which may be physically significant. Our results
will bring new aspects of the dynamics of hadrons.
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